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EXCITED YOUNG DIAGRAMS AND EQUIVARIANT SCHUBERT CALCULUS
FOR GRASSMANNIANS

HIROSHI NARUSE

Summary
In this report we explain briefly the results of the paper [I-N] about the torus-equivariant cohomology
of Grassmannians of type B,C,D.

1. NOTATIONS

We slightly change the notation from [I-N] so that the inclusion W (X,) C W(Xp41) of Weyl group
becomes natural for X = B, C, D. For the simple roots we adopt the following conventions.

type Bn: ap =t1, 05 =t — i, (E=1,...,n = 1).

type Cni ag = 2t,0; = t,'+1 -t (l =1,..,n— ].).

type Dn: aj =ty +t1,0 = tigq — i, (i =1,...,n = 1).

The Weyl groups are subgroup of permutations of 2n letters & < --- < I < 1 < --- < n, such
that W(Bn) = W(Ch) =< 50,51,..., 5n—1 > and W(D,} =< si,51,...,5p—1 >, where so = (1,1),s; =
(5,i+1)E7+1) (1 <i<n-1),and s; = (1,2)(2,1I). We use one line notation w = [w(1), w(2), ..., w(n)].
For type Dy, the barred numbers appear even times. Grassmannian permutations are w = [wy, ws, ..., wn]
such that w; < wy < --- < wy,. If the barred part of a Grassmannian permutation v is by, ..., b, we set
Ay = (b1, ..., b;) for type B, and Cy, while Ay = (by — 1,...,b, — 1) for type D,. cf.[B-H].

2. INTRODUCTION

Let G be a semisimple algebraic group with parabolic subgroup P which contains a maximal torus 7.
T acts on the homogeneous space G/P by left translation. Let W be the Weyl group of G, and Wp be
the subgroup corresponding to P. The T-fixed points are parametrized by the coset WP := W/Wp of
Weyl group W of G by the subgroup Wp corresponding to P. For v € W/Wp, e(v) := vP/P is T-fixed
point and (G/P)T = {e(v)}rewr. Let Xy, := B_ ) C G/P be the Schubert variety corresponding to
w € WF and opposite Borel subgroup B_.

We want to describe equivariant Schubert class [X,] € Hy(G/P) for the cases

e type B, : SO(2n+1)/P,
o type C,, : Sp(2n)/ Py
e type D, : SO(2n)/P;.
Here P; is the maximal parabolic subgroup corresponding to the root a;.
We do not explain the equivariant cohomology and equivariant Schubert class in detail here. A
good introduction is a paper of Tymoczko [Ty]. We use the localization map to describe equivariant
cohomology. The inclusion map of the fix points ¢ : (G/P)T < G/ P induces the pullback homomorphism

v Hy(G/P) — H;((G/P)") = €D Hi(es)
vew?r
which is known to be injective. This map ¢* as well as each of the component map ¢; : H7(G/P) — Hi(qy)
is called the localization map. As a result, by the work of Arabia [Ar], the image ¢*([X,,]) can be identified
with Kostant and Kumar’s £-function [K-K], i.e.
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(Xullo = 63([Xu]) = £2(2). |
There is a formula of Billey (also of Andersen et al.) for £¥(v) using reduced expression of v.

Proposition 1. ([A-J-S], [Bi]) Let w.v € W such that w < v. Fiz a reduced ezpression s;, - -- 8y, for v.
Put §; = Siy "'sic—l(aiz) for 1<t<k. Then

W) = Y BB

F1seeera

where the sum is over all sequences 1 < jj < --- < js < k such that s;; ---si; is 6 reduced ezpression
for w.

is

3. MAIN RESULTS

We display here main results of the paper {I-N] which are extensions of the results of Ikeda [Ik] for
the case of type C. The relation to known results are explained in detail in that paper and we omit the
references to known results here.

There are two kinds of formulas to express the localization [X,]j,. For combinatorial formulas, we
have

Theorem 1. ([I-N;Theorem 3j)
Bn : [Xullv = Z H 2_6i'j(tv(?) - tu(z)

CeEB (A.) (i.j)EC

Cn : [Xu]lv = Z H (topy — toi)

Ce£f (Aw) i)EC

Dy : [Xullo = Z H (toi — tui+1))

CEEP, (Aw) (13)EC

Here £5 (1) is the set of ezcited Young diagrems of type X = B, C, D explained in section 4. We also
use the convention that t; = —¢; for i > 0.

The closed formulas using factorial Schur P, Q- functions which are explained in section 5 are as
follows. For Grassmannian permutation v = [by, vy Byy Upgly ooy Un) With vy > 0, we denote t, =
(toy s+ tby» 0y...,0). Then we have

Theorem 2. ([I-N;Theorem 4])
Bn : [Xullv = Py, (t0,2).
Cn ¢ [Xulls = Qx, (t[0,2).
Dy : [Xu]lo = Pa,(tolt)-

Using the Pfaffian formula for factorial Schur P, @-functions, or Gessel-Viennot type combinatorial
arguments for excited Young diagrams, we have

Corollary 1. (Equivariant Giambelli) ({I-N; Cor.2])
In the cohomology ring H3.(G/P) of type B,C, D Grassmannians, we have

\ [X,\] =Pf ({Xf\..z\j])ls,-qgro(,\) '
where we denote by X the Schubert variety corresponding to A.

Here ro()) is the number of parts in A with convention that if the number of parts A is odd, we add
part 0 so that ro()) is always even.
For multiplicity of singular points, we have

Proposition 2. ([I-N; Prop.12]) Let G/P be either of types Cn, Dy and w < v € WP. The value of
[Xwllo evaluated at a vector h, € Lie(T) (which makes each summand of Theorem 1 to be 1) gives the
multiplicity m,(X,,) of the variety X,, at t{u)
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Corollary 2. ([I-N; Cor.4]) Let G/P be the Grassmannian of types C,, or D,. Let w < v € WP, and
A < p be the corresponding strict partitions. Then we have

(1) my(Xu) = B (A) for type Ca,  mu(Xw) = HED(A) for type Do.

(2) my(Xw) = Pf(mv(XAe.A;))15i<j5ro(A)-
Remark Recently Raghavan and Upadhyay [R-U] obtained essentially the same formula as (1) for type
D,, in quite different approach.

4. EXCITED YOUNG DIAGRAMS

The idea of excited Young diagrams was inspired by the work of Lakshmibai et al. [L-R-S] in which
the localization of equivariant cohomology is described using nonintersecting paths on a Young diagram
for type A Grassmannians. To relate the determinant (for type A) and Pfaffian (for type B,C,D)
formula directly, we use the ”complement” of the nonintersecting paths of [L-R-S]. Our excited Young
diagram is also described as nonintersecting paths and fits the formula of Billey [Bij(Prop. 1) and fully
commutativity of Grassmannian permutations cf. [St]. Similar object is also obtained by Kreiman [Kr]
independently to us.

We consider the excited Young diagrams for the cases of type B, C, D Grassmannians. There are other
versions or generalizations but we do not explain here. Let SP(n) be the set of strict partitions of length
<nie A= (A1 > A2 > - > A > 0) € SP(n) such that 7 £ n. We consider a pair of strict partitions
A C p € SP(n) and their shifted Young diagrams. For example, A = (3,1) and p = (5, 3,2) the shifted
Young diagrams are as below. .

LILIL |

We put X (black boxes) inside u with overriding the left top cell in the position (1, 1) for usual matrix
index. This is the ground state of A, and we move the cells of A (also called boxes) inside  according to
the rule defined as follows.

We first define elementary excitations. There are two types of cells in u, diagonal and off-diagonal.
Diagonal cell is a cell in the position (i,1), and off-diagonal cell is in the position (3, j) for i < j.

For a box in diagonal cell, the elementary excitation is

[ ]
T 70 e = L |
type B,C [ type D )

ie. for type B,C, a box in the position (4,1) is moved to (¢ + 1,7 + 1) provided the positions (i,i +
1), (41,2 +1) are vacant, and for type D, the box in the position (z,) is moved to (i +2,% + 2) provided
the positions (i, + 1), (i + 1,i +1), (i + 1,i + 2), (i + 2,1 + 2) are vacant. All the rest of the cells (black
boxes) do not change their positions.

" For a box in off-diagonal cell, the elementary excitation is

[] —

type B,C,D [ ]
i.e. a box in the position (i,7) is moved to the position (i + 1,5 + 1), provided the positions (i +

1,5), (i, +1),(i + 1,7 + 1) are vacant, and all the rest boxes are unchanged.

For subsets C,C’ C p, we denote C X ¢’ if ¢’ is obtained from C by an elementary excitation of
type X by a box in C. Then we define the set of excited Young diagrams 5‘;“' (A) as the set of diagrams
C C p, which are obtained by successive applications of elementary excitation of type X, i.e. for each
X =B,C,D,

XN ={Ccur=Ci3ca X .. X¢=c}
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Examples for £ 3,)(3,1) and £72 , ;,,(3,1) are in section 6.

5. FACTORIAL SCHUR Q-FUNCTIONS
Let a;,ay, ... be indeterminates. The factorial power (z]a)* is defined by (z — a1)(z —a2) -+ (z — ax).

Definition 1. [lu] Let A = (Ay,..., A;) € SP(n). Put

(5.1) Py(zla) = (—71—1;)—, dow ((zlla)*‘ SN | | i—g)

WESA 1igr, i<j<n "
where w € Sy, acts as a permutation of variables z1,...,%n. We also put Qa(z|e) = 2" Py(z|a).

Remark

In [Iv] Ivanov assumed a; = 0. In type D, case , we must use a; term. Py(z|a) has mod 2 stability
{I-N Prop.8}, but barred numbers of v € W(D,) always appear even times, s6 we assume that the number
of variables z; is always even.

Factorial Schur P (and Q) - functions have important vanishing property which may be a good reason
for describing equivariant Schubert classes. For strict partition A = (A > +-+ > A, > 0) with r < n,
define an n-tuple

ay = (@r 41, --5ax,.+1:0;...,0) if r iseven
(ax,+1,---,@x,+1,01,0,...,0) if r isodd

Proposition 3. [lv] We have Py(ayla) = 0 unless u > A.
The following Pfaffian formula is also important for describing equivariant Schubert classes.
Proposition 4. [lv] For a strict partition A € SP we have
Px(zla) = PE(Px; »;(zla))1<i<icron)
6. EXAMPLES

Examples for Theorem 1

Cs o _
w={3,1,2,4,5], v=1{53214] -
_ i i (L) | (W]® mio ]
5 3 2 1 4 {- u 1]
5[ 2t ts+tz|ts+t2|ts—1) ts—t4] L1
3 2t3 t3 + tz t3 - tl W
2 2t, to—t ] [] ] | [] T_l %T—I——I
LI LI LI
[Xw“., = 2t52t3(t5 + t3)(ts + ta) + 2t52t3(ts + t3)(t3 — t1) + 2t52t2(ts + t3)(ts + £2)
+ 2t52ta(ts + t3)(ts — £1) + 2t52t,(ts + to)(tz — 1) + 2t32t2(t3 + to)(tz — t)-
Dg o
w=[4,2,1,3,5,6],v = [6.5,3,2,1.4].
LI B ﬂ SLIL ]
5 3 3 1 4 1= . T
6|t6+t5 te+t3 | tg+ta|te—t1 | te — g I—
5 ts+t3|ts+ta|ts—t1|ts— 14 _ m T
3 tz+ta |tz —t1 LA ] ||
2 ts — t1 | u -—‘ [ LR _|
1 N —
L1 L1
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[Xuwllo = (ts + ts)(ts + t3)(ts + t2)(ts + t3) + (ts + t5)(te + t3)(ts + t3)(ts — t1)
+ (te + ts)(ts + t3) (s +t2)(t2 — t1) + (te + t5)(ts + ta)(ts — t1)(t2 — t1) + (te + ts)(ts + t2)(ts — t1)(t2 — t1).

Examples for Theorem 2

type Cs

w=[213],v=[3,21].

In this case A\, = (2) and t, = (t3,¢2,0).

Qa(zy, 29, z3]a) = 2(zy + T2 + z3)(x1 + T2 + T3 — a2) and
(Xuwllo = Qa(ta, t210,81) = 2(ts + t2)(ts +t2 — t1).

type D5 o

w=[4,2,1,3,5,v=[5,3,1,2,4].

In this case A\, = (3,1) and ¢, = (t5,3,0,0).

P; (1, T2]0) = (z2 + Z1)(x2 — a1)(z1 — a1)(z1 + Z2 — a2 — a3)
and

(Xwllv = P3a(ts. talt1,t2) = (ts + t3)(ts - t1)(ta — t1)(ts — t2).

7. FURTHER COMMENTS

After the work [I-N], T.Ikeda, L. Mihalcea and the author get progress to these subjects. Above all,
we find a geometric meaning of factorial Schur P, Q-functions and extended the Grassmannian cases to
the full flag varieties G/B, by defining new double Schubert polynomials. The details will be explained
elsewhere.

Acknowledgement. The author thanks the organizers for giving him an occasion to talk at the 10-
th meeting of Representation Theory of Algebraic Groups and Quantum Groups —in honor of professor
Shoji and professor Shinoda’s 60 th birthday - . He also thanks T.Ikeda, co-author of (I-K], for valuable
comments on this report.
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