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Complex reflection group
W, := G(r,1,k) acts on V = C*

Party algebra Py (k):=Endy, , (V")

Problem

e Define a notion of " Conjugacy class”
and character table.

e Find an inductive algorithm to calculate
character values. (Murnaghan-Nakayama rule)

(for r = 1 T.Halverson(2001)J. of Algebra)

Schur-Weyl duality

ver =@ vie s
A

where
VA is an irreducible W, z-module, and
S* is an irreducible P, -(k)-module.

The index A = (A XD ... A\=1)) is an r-tuple of

r—1

partitions which is in W, i.e. [A|:=Y [AD| =k,
i=0

and satisies ||[\*|| < n and ||A*|| =n (mod r), where

r—1
X =D i AP+ |(A9)* and (A®)* is the partition
1=1
obtained by deleting the first row of A\(9).



1 is a partiton,
Let Apy =< p=u®, - uM); ||u|| <n, and
|p||=n (mod r)

)
where ||p|| := ) i|u®).
1=1

Standard cyclic permutation

yét] € End(V®t) of thickness ¢ and length .
eg. 13= SRR € End(VE?)

For a partition a = (a1,ao,---,as), define

W= e e g4l e Enaqretaly,

Standard elements of P, (k)

| | gnllul
For u € Ap, define | dun = vu ® ey

1 2

r

7\

~

and e, = - c End(V®),

— o ———o— 9

e.dg. n=14,r =3, 0= (3,31,0) then ||u|| = 11,

d(331,0014= DN, _ommm - . .




Define a class function f[t] on W, by

r—1
1 wp) =3 3 dma(p)ta
1=0 d|¢
where w, € W,.;, has cycle type p = (p(®, p1) ... pr=1),
maq(p) is the multiplicity of parts of size d in p(®,
and ( = e r is the primitive r-th root of 1.

Lemma 1l For we W, , the bitrace is
btr(w, 1) = fw) onvel
and btr(w,er) = k on V&
For a partition a = (a1,a9,---,as), define

[t]< ) — f[t](w)f[t](w> C[Li](w)

Theorem 1
FOI’ w € W’I",k’ /,L -~ /\n,'r'

fu(w)

where f,,(w) —f[ﬂ)( )Xf[(g)(w)x X F Ly (w)




Corollary 1(Frobenius formula)

n—||u]
o faw) = 3 xiy, (WX, oy ()
A

Corollary 2

Y . n—||pl] A\
Xpn,r(k)(d,u,n) =<k v fu, XW,.1 >

Murnaghan-Nakayama rule for W,
X%/r’k(wp)
= htO /A=) ij At
— t ) 1) AT _
=Y ¥ (-1 Xy, (w7)
1=0 \—tC
where p is obtained from p by deleting a cycle of length £

from pU) , and A/A~fis a border strip of length ¢
in position (7).
(2)

e.g. A/ A= (0,0,---,0, 0, 0)  hit(A/ A =1

Proposition  For §,\ € W,
[t], 6 A
< fg XWr,k’ XWr,k >

_ Z Z (_1)ht(5/>\_d) (_1)ht(>\/)\_d)
dlt X—dcA N "4Cé

where A~? runs through WT,k_d such that e.qg.

A= (0,---, o, )
B / shift ¢ (mod r)
5/)\—d:((z),..., — e 0 ,---,0)




Murnaghan-Nakayama rule for P (k)

X)ﬁn,r(k) (d/%n)

=> 3 (Y (- 7<k><dﬁﬁ)>
dj¢ A1CX \A-C§ ’

where n =n —tf and p € Nj, is obtained from p e A,
by deleting a cycle of thickness ¢t and length 4.

5 runs through ]Sf;(k) such that e.g.

AA"4=(0,---, /A y oo, 0)
B / shift ¢5 (mod r)
5/A‘d:::(®,---, ] R 0 ,---,0)

Example n=15,r=3

k-3

A=CTT 1 L—1.0, pn=(3,60)

t=2¢0=6,1=(3,00,n=n—tL=3

1) d=1,tt=12=0 (modr)

k—4 k—3
ANl=(CT 00 - s=CT 1,0
k—3 k-3
AN =TT .0 — o=CT .0

k—3

N
=
—

k—3 k-3
A d=CT ] - V11,0 — 5=(Djkj_3--D,D]],@)
=TT W0




k—3
A=CT 1 1,0, n=(36,0)

t=2¢=6,1=(3,0,0),n=n—tL=3

2)| d=2,tt=6=0 (modr)

k—5 k—3
AN =TT 0 = s=CT T 0

3)| d=3,tt=4=1 (modr)

A4 = (@jj @ ) — no & appears.

k
Ad:@jj G@ ) —s=CT1 10,0

(—1)ONAD = _

4)| d=6,t5=2=2 (modr)

k—9
P (m...@, ‘,(/)) — no 4 appears.

Therefore the character value is

T,

‘ 7®) |(3,§,O)

ke k-3
= ax (T 0 ko HTT D Do

k—3 k
+ T T LT 00y —CL 10,0 (300

—4x(-1)+1+1-1=-3
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Character tables for r = 2
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Character tables for r = 3
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If r|r’ then
GLp O Wyuyp O Wi D S

Sn C P’I”L,T‘, C Pn’fr C Pn

FOI’ w E W’I",k)’ d,U,,’I’L E PTL,T‘,

n—||p]]

E T fu(w) = Yoy, (@)X, oy (i)
A

n—||p]]

E fuw) =S, @)X oo (dun)

T herefore
if
v _ V. A\
XW. i, — D CAXW,. 1
’ A
then

A\ n—HMH_n—UMH L
XPy () () =77 S XDy (dpun)
l/ Y

10



