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000000 sy(xx) 0000 xn = (21,20,...,2,)0000
0000 P-00 Py(xn)

0000 Q-00 Qy(xn) = 2/ Py (xn)

(1] )
[T (zgt) it
1=1

Factorial 000000 sy(xnlt) = ) w

\1§73<an )

Factorial DOOOP-O00 A=A1>Xo>--->XA>0), n>r
Py(xnlt) = Z w (($1|t))‘1...($rt)>\r H i 3>

WESn/Sn—r 1<i<r, i<j<n Tt T %]

Factorial D000 Q-00 Qy(z|t) = 2N P, (zt)

0000 @) = (z—t1)(z—t2) - (z —ty)



OO0 A= (\1,...,A\-) 0000 Factorial Hall-Littlewood 00O

H Py (xn; t|b) := Z w ((wﬂb))\l...(%b))\r H :Bi—t:cj)

WESn/ Sn_r 1<i<r, i<j<n i — Lj
O0000xp = (z1,20,...,2n), (z|b)¥ = (z —b))(x—0by)---(z — by)
O (O00mi=1+¢t+t2+-- -+ 1loooo)
HP1(Xn; t|b) = s1(xn) — b1[n]:
HP>(xn; t|b) = s2(xn) — ts11(xn) — (b1 + b2)s1(xn) + b1b2[n]:

HPoo(x4;tb) = (1 +1t) x
522(x4) — ts211(x4) + t3514(xa) —(b1+b2) (s21(xa) — (t + t2)s13(x4))

+b1bo(1 + t + t2)so(x4) + (b3 + b1bo + b3 — (t2 + t3)b1b2)s11(X4)
—b1bo(by + b2) (1 4t +12)s1(x4) + b363(1 +t + £2) (1 4+ £2))|
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New universal factorial Schur

O0A=(A1,.., ) EPn OA=(n]"n}? ... n,9) 00000000
ny>mno>--->ng>00000

d
()M = T] ( I1 [xz-b]”r+"”<"“>).
r=1 \v(r—1)<:<v(r)

Do000v(r)=%I_1m; (r=1,2,...,d), v(0)=00000
O000MN=(4,4,3,3,3,0,0), n=7000

(x|b) N = [21|6]°[22]b]°[23]6])®[24]6]® [25|b] ® [26]b] ° [27]5]©

SY(@1, .. zalb) = Y w.[ (x]b) ] }

EESn/S%‘ H1§i<j§n, n(z)<n(])(aj7« _I_L fj)
000
Sk(z1,...,2n) = S¥(21,...,2,/0) 000D
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e Determinantal, Pfaffian formula OO UOOQOOOOOOO
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Ooddon
s\x(1,...,zn) : 00 x1,...,2,000000XN=(N1,...,A)000O

00000000o0o0on (mq,...,m-)000000

S(ml,...,mr)(ajl? ... ,xn)

00000000000
0000804y =—533 0000000

HREEN

m e 1
Y. Stmy(@1, - zn)uy b= 1] . =: A(uy)
i=1

m1EZ — U1y

Yo Stmpmo) &1 zn)uy Tus'? = A(ug) A(u2) (1 — un/ug)
(m1,mp)€Z?




m . 1
Z S(ml)(x17'°°7xn)u’]_1 — H 1 =. A(’LL]_)
=1

m1EL — U1y

Yo Stmyms) (@1 an)ug tug? = A(ur) A(u) (1 — up/ug)
(m1,mo)€Z?

Jacobi-Trudid O O

S S
Sy moy = det (m1)2°(m1+1) >
(m1,mo) <S<m2—1>78<m2>

S(m1,mo) = ~S(mp—1,m+1)HHUUUUL



oot
ik 1

> $(m)(®1s- - yzp)ut = | ——— =1 A(u)
meZ i=1 1 —uwx;
O Oo
> S(my....mp) (T1s -  Tp)uy L

(ml,...,mT)EZT

= A(u1) - ACur) ] (@1 —uj/uy)

1<i<j<r

00 S0m;...m (@1, ---,2n) 000000 Jacobi-TrudiD 0000000
000

0000 8(07_1,3) — 8(1,170) — GQD OO0
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Factorial-SchurO O sy, y)(z1,...,zp[t) D00

k>00000

H.];:]. (1-— utj)

—. Alk}
TR B

Z Séfn})(xla - e ,$n|t1, . . ,tk)’u,m =
me

000000 A=O01> XA >--->)\)00000

AT () AT 2 ) - AV ) T (= wj/ug)
1<i<y<r

0wt u00000sx, ) (@1,...,2at) 0000

(DO00DO0oO00oDOooooDOoooooan)
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multi-Pfaffian

]{:1,2,3,...

ooy

AR ) = 3 oy

m>0

oot

(13,02} Y]

ALY (up) A2E (ug) - - AV (um) 11

Dul u2

1 —uj/uy

1<icj<m LT U/

-, 0000000 multi-Pfaffian0 000
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K-00O00 SchurD 00000 GrothendieckD OO Gy(z1,...,2n)
00 (A.Buch 2002, HIMN 2017 000000000 [2])

o ODooooodoooooooooood

B 1 " z(1+ Bx;)
A(z) = 1+52i1;11 ——

00000020000 Ge(zq,...,zp) 000 (E>0)0000
Z00000(-R)F00000 G_p(xy,...,2) 000000

1
$5000000000000
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(2)0000000000000d push forward

U Uooooooooooo00oooooooooooooooon
000000000 F(x,y) € R[[z,y]]000000O0(ROOODOO)

(1) F(z,y) 00000000000
Flz,y) =z+y+ Y a;;2'y, (a;; €R)
1,7>1
()00 z,y0 000000000

F(z,y) = F(y,x)

(3)000000000

F(x, F(y,z)) = F(F(z,y), 2)

Fle,y)Jzxz+py 00O00DODOO0O

14



Jooggg

HEN

Fn(z,y) =+ y+ Bry

Fs(x,y) =x\/1 —y2 +yv1— 72
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logp(x) 0 expp(x)

000 F(z,y) € R[[x,y]]000OO0O

F(x,y) = expp(logp(z) + logr(y))

0000 logp(z)D expr(z) 000000000000 OOOOOOOO0O
NO0000D0000ORODODOOODODOODODODODOODODOR®RQOODD
00 logp(z),expr(z) € RQ[[z]]D 00000000 OOO(Myshenko)

n—|—1
logp(z) = nZO[CP | I

O00DO0CP*"O00D00Op0000000 [CPM|pOO0FOOO0OOOOO
OooooooooocpPfOldfdd0DooDoooogod

Fo(z,y) = —I— y + Bry D+Dlﬂ O[CP]g, =(=8)"0000
logr (z) = Z( B)” = log(1 + Bx)/B,
expp,, (z) = (eﬁx —-1)/8
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F(x,y) = expp(logp(z) 4+ logp(y))
logp(z)d expr(z)0000 []p0000000O0

[t]F z = expp(tlogp(x)).
t=n 0000000

n

npr=2+rz+tp - +ra

0000[-1]pz=z00000000F(2,z) =000000

0000 Fs(z,y) =x2/1 —y?+yy1—22000

expr, (x) = sin(z), logg, (x) = sin~1(z) O
[n] g, sin(x) =sin(nz) D000
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00000000050000000 uy, o, w3, pa, g 1000 O

y? + pizy + p3y = > + poa? + pgr + pe

0000000000000 O00DOBuUchstaber-Bunkova [1](2011) O
0000000000000 u1,us000000us =g =pug=0000
0000

T+ Yy — pixy
1 4 poxy
0000 (Hyperbolictype DOOO0OO)

FE,LLL,LLQ (xa y) -

000 po,ua000000p =pu3 =peg=00000000
§ = pp, e =p3—4pa0000Ss5.(2) :=1—202°+ex*00 00

L/ 55,5(3/) + Yy Sé,a(x)

1 — ex2y?
DO00000000expp(x) = sn(x; d,¢)0 elliptic sine O
(expp(x))? = S5 ((expp(x))0

FEll(g,s(w? y) —

00008 =1/2,e=000000expp(z) =sin(z)0000
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000 F(z,y)0DODOO

0000000000 Fy(x,y) ;= 0:F(z,y) 000 0yvp(z) 0000000
1
z) =
Y (2) F1(0.2)
0000y p(z)dez00F(x,y) 00000 (invariant differential form) O
Ooddo

000 Pp(zx,y) € Al[x,y]] O

Pp(z,y) 1= Ff”(; g)

0000000000 F(e,y)DODODOODODOOODOOOOOOODOOO

Pr(z,y) 0000000 mzw(az)mmmmmmm

DDDF(m,y)zgc—l—y—I—BxyDDDD@bF(a:):ﬁDDDD
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Push forward formula for projective bundle

D.Quillen:On the formal group laws of unoriented and complex
cobordism theory (Bull. Amer. Math. Soc. Volume 75, Number
6 (1969), 1293-1298.) )0 00000

Theorem 1.Let E be a complex vector bundle of dimension n,

f: PE' — X be the associated projective bundle of lines in the dual
E’' of E, and let O(1) be the canonical quotient line bundle on PE'.
Then the Gysin homomorphism f, : QI(PE'") — Q472" 1t2(X) is given
by the formula

uw(Z)w(Z)

f+(u(€)) = res—; .
[[ 7@z 1)

j=1
Here u(Z) € Q(X)[Z],€ = ¢i*(O(1)), w and I are the invariant differ-
ential form and inverse respectively for the group law F%?, and the

\; are the dummy variables of which cgz(E) is the qth-elementary
symmetric function.
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https://projecteuclid.org/euclid.bams/1183530915
https://projecteuclid.org/euclid.bams/1183530915

F(z,y) = z+y+Bry0 00 0w(Z) = 153742, 1N = —XNi/(L+BA),

F(Z,IAZ-):Z@AZ-_% 0000

Zk1+5de —[Z‘l]( Lk i 1—|—5Aj>

f+(&F) = res n
T (Ze 14+B82° 12y Z— )
=1

J
— G-y (1 20 F5)
1+82 = Z-
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Push-forward (Gysin map)0 00000
Complex cobordism theory MU*(—)

According to Quillen (1971)Elementary Proof...[Proposition 1.2],
for a manifold X, MU?(X) can be identified with the set of cobor-
dism classes of proper, complex-oriented maps of dimension —gq.
Thus a map of manifolds f: Z — X, which is complex-oriented

in the sense of Quillen, determines a class denoted by [Z i> X],
or simply [Z]

For a proper complex-oriented map g : X — Y of dimension d,
the Gysin map
gs . MUY(X) — MU 4(Y)

is defined by sending the cobordism class [Z i> X] into the class
1z % v

22



O0000 duality OO0O0O push forward O O

Py H(X) — H,, (X)), a— an [X]
[X] € H«(X) O fundamental class

f: X —YdmX=m,dmY=n000000O

fo H(X) 2y (O L5 1, () 2 g men) .
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push forwardO U OO OO OOOOO M OOdivided differenceld
GOP,OBUUOUUOU0OUOOUOOOOOO0OOo0OUoUnO FO0OO0OO

m G/B— G/P,00000000000C

0; =m;m, - H(G/B) - H*(G/P;) —» H*(G/B)

000000 TCG, p: BT — BGOOO0OOps: h*(BT) — h*(BG)

[0 00O Bressler-Evens 19900 f € h*(BT) OO OO0

N f
p«(f) = w;}/g H (Do)
lacAt
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Push forward for the Grassmann buldle 7z : G/ "(F) — X

The Gysin map 7p, : H*(G/~"(F)) — H*(X) is described by the
following symmetrizing operator

. g(z1,.-.,2f)
g, Uh<i<p—rHp—rt1<i<p(@i — z5)

WF*(Q(QZ]_,...,ZCJC)): Z

@ESf/Sf_TX
for a polynomial g(Xy,...,X¢) € H*(X)[Xl,...,Xf]Sf—?“XST.
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Kempf-Laksov OO Daemond 0 push forward

full flag bundle (projective bundleO 00 00)O O Grassmannian
bundle
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Joodoogooboodood

[T )
I] (i)t
Z " 1=1 —
\1§i<j§n )

2.

’LUGSn/Sn—r

w

(T Gl
1=1
II  wi—=;

\1§i§r,i<j§n )
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For two positive integers a, b with a < b, denote by [a,b] the
set of integers ¢ such that a < < b. For the case of a = b we
abbreviate [a, a] = [a].

Let A\ = (A\1,...,\n) € Pn, be a partition of length 4(\) < n. Con-
sider the maximal “intervals” I1,1>,...,I;in [1,n] = {1,2,...,n},
where the sequence X\ is “constant”. Thus we have a decompo-
sition

[1,n]=I1julyu---Ul; (disjoint union).

Let A\, u € Pp be two partitions of length < n. We say
@ is a ‘“refinement” of A if the corresponding decompositions of
the interval [1,n] is a refinement.

ex) u=(7,5,3,3,2,2,1) € P7 corredponds to the decomposition
[1]u [2] U [3,4] U [5,6] U [7] and
uw=1(7,5,3,3,2,2,1) is a refinement of A = (4,4,2,2,2,2).
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By the construction of the associated partial flag bundle F¢A(E)
, iIf u is a refinement of A\, we have a natural projection from
FeH(E) to F¢ME), denoted by

kL FOH(E) — FENE)" .

Furthermore, for three partitions A\, u, and v € Pp, if v is a refine-
ment of u, and u is a refinement of A, then v is also a refinement
of )\, and the relation 7r§f oy, = 7§ holds.



Py (alt) (n_lm > w(($1|t)>‘1---(337~|t))‘7“ 11 W)

wESn 1<i<r, i<j<n i =~ Lj

= ¥ w<($1|t)>‘1---(xrt))‘7“ 1 w+%>

WESn/Sp—r 1<i<r, i<j<n 1 7 ¥
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Let E — X be a complex vector bundle of rank n.

Darondeau-Pragacz formula in cohomology

Consider the complete flag bundle @ : F4(E) — X, and the
induced Gysin map wy : H*(FU(FE)) — H*(X) in cohomology.
Then one of Darondeau-Pragacz’'s formula is stated as follows :
For a polynomial f(t1,...,tn) € H*(X)[t1,...,tn], One has

w*(f(yla cee 7yn))
— [tq’_l o tg_l] (f(t]_, . ,tn) H (t] — ti) H Sl/ti(Ev)) .
=1

1<i<j<n

Darondeau-Pragacz formula in complex cobordism
Forr=1,2,...,n, the following Gysin formula for the flag bundle
w12, - Fl12. »(E) — X holds: For a polynomial f(t1,...,tr) €
MU*(X)[t1,...,tr], One has

wl,...,r*(f(yla s 7yT))
— [t?_l Ce t;’}_l] (f(tl, . ,tr) H (t] “+1 fz) H yil‘/tz(Ev)> :
1=1

1<i<y<r
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(3)000 (000000000000 [12],[13)])

[D0]t0000000xn = (21,...,2,)00000000X= (A1,..., M)
00000HP (xn;t), HQY (xp;t) 0000000 (r<nO000)

HPy (xp;t) i= > w(xﬁ II 1l F(xi’[t]F_@j))>
weSn /(ST XSp—r) 1<i<ri<j<n F(%“{i)

e ¥ w1 Hene)
weSn /(ST X Sn—r) 1<i<ri<j<n F(z;, xj)

0000000k >000000zK" = F(e, [(]p(@)«*1 000

F F
= xi‘l g XLA]F = x[lkl] x -:ULAT]

r o

X,

oo
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Hpey. — 1 pp P& lHeT)
A= poy LG

nF t| px;
Agg(z) : — < — H (Z7[]F$Z)
’ Pp(2)F(z, [t]lFz) ;=7 F(z,%;)
HREREEN
000 0000A=(\,...,. ) 00000

1) (HA <z>) I e it on a7

1<i<j<r F(Z]7 [t]F2;)
HP{ (xp;t)0000

(2) (H Agg(zi)) I1 = 2) 027
=1

1<i<j<r F(Zja [t]F2;)
HQY (xp;t) 0000

Prcdnlnlnlnln

Pxidulnlnlnln
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(4) 0O

connective K OO0

r @y = Fn(e,y) =2+ y+Bay , 20y = Fin(,7) = f+_§y
N G Zj O %
G)\l,...)\r(xlv <. 7'7377/) - [Z ] A(Zl) T A(ZT) H ’
1<i<j<r %Jj
z2: 6 z; r 1
I -~ = — (1 —2;/2;)000
1<i<j<r ~J il;Il (1 + Bz) 1§721;[j§’r !
_ —(Nti—1) 1 |
G)\l,...,)\r(xln tee ,$n) = det ([ZZ ](1 _I_ 6ZZ)T_ZA(ZZ)>

rXr
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GQA(@) = [ NAG) - AG) [ 225
1<i<j<r %j D Zi

1

1 11
( + Bz;)" 11<Z<J<sz@zz

= [ A(z1) - AG) H . % — %
(1+5 2i)" pr <Zj@z::)

— [z~ MPf (A(zi)A(zj)(l - L 1 7y F
Bz;) 7’1(1 + 82;)" Iz @ Zz)
| 1 zZ2i © %
(14 Bz)r—=1(1 4 Bz;)r—J Zj s> Zz) |

= [ MA(21) - Azr) H
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22 O 21

A(z1,22) = A(Zl)A(Zz)Z2 .

0000 2;%5'000000000

GQL00GQR.xGQ,IDDN0D0N0NDN0NDDOD

(100
A(z1)A(2z2) = A(z1, 22)

22 © 21

0000 2;%5'000000000
22 O 21

GQrxGRD0GQR,,00000000000D00D

L O
o - o |
on = St o = CEI () F () i)

22@z1 _ (I+z1/20+ Bz)(A + B21)
20 © 21 1 —21/2
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(5) OO

Jooooooodddoooood

1. BCDOO Hall-Littlewood O O OO OO

2.Hyperbolic type U000 OO0O0OOO0O0O0OOO0OOOO0O0OO0OO0O

3.t 10000000 ooooonoouoodoodod p-compactl
Joodoodoouoobodboodoodoonotd

4.Hall-LittlweoodO OO Schurd O 0000000 OOOOO0OO0OoOOO
DO00000000(KostkaOODOOODOOOoOOOoOoOO)

5. 000000 Schuberti 00000 ddooooooooooooog
Joodoogod
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0000000000 0ooooooooooo(@o [oooon)

Dual stable Grothendieck polynomial g\(y1,vy2,...) € Z[B][[ly1,y2, - - -]]
Doddooodnn

11

1]

1
1 — zy;

= > Gr(@)gr(y).
\

00r000 A=(0O\q,...,N) (r<n)000000000000

[U’\](ﬁ ﬁ 1_1. ) [1 ui@,uj=gx(y1,---,ym)

1<i<j<r i

37



Joogduood

0000000 (0000 :16H03921)
00000000000 0000000
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